A theoretical investigation of the three-photon transition rates 2 1 P1 → 2 1 S0 , 1 1 S0 and 2 3 P2 → 2 1 S0 , 1 1 S0 for the helium atom is presented. Photon energy distributions and precise values of the nonrelativistic transition rates are obtained with employment of correlated wave functions of the Hylleraas type. The possible experiments for the tests of the Bose-Einstein statistics for multiphoton systems are discussed.
frequency one can establish the validity or non-validity of the particular SSSR: the atomic vapour should be transparent for the laser light at the frequency ω l = ω a /N γ . Note also that unlike the spontaneous emission which is very weak for multiphoton transitions, the multiphoton absorption depends on the laser intensity and can be well observed in the experiments [16] .
For the test of SSSR-2 one can choose, in particular the transition 2 1 S 0 → 2 3 P 2 with transition energy 0.35 eV. This transition should obey the SSSR-2, i.e. three-photon absorption of the laser photons with equal frequencies should be absent. For comparison it is convenient to employ 2 1 S 0 − 2 1 P 1 transition with the transition energy 0.60 eV, which should not exhibit such properties since in this case three equal photons should have the total angular momentum J = 1. It is important that in both cases the initial 2 1 S 0 state is metastable what enables to perform laser absorption experiments. The most advantageous for the experimental tests of SSSRs is neutral helium atom where transitions correspond to the optical or infrared region. For example for the test of SSSR-2 three-photon transitions between the 2 1 S 0 state and excited 2 1 P 1 and 2 3 P 2 states can be used. Unlike U 90+ ion the calculations for neutral He atom can be performed with high accuracy. The application of SSSRs to neutral He is the main purpose of the present paper. Accurate variational calculations of the three-photon transitions are given, based on the employment of the variational wave functions. Unlike the case of U 90+ these calculations can be done with nonrelativistic wave functions (overall accuracy of about 0.01%). A powerful method for obtaining the variational wave functions of Hylleraas type developed in [17] - [19] was employed for these calculations.
II. THEORY
We have calculated 2
3 P 2 level exhibit the behaviour governed by SSSR-2 and transitions from 2 3 P 1 level were calculated for comparison. The three-photon decay of 2 1 P 1 state is qualitatively different from 2 3 P 2 three-photon decay since the SSSR-2 plays significant role in 2 3 P 2 → 1 1 S 0 + 3γ(E1) transition. This difference affects both the angular and the energy distributions of three photons. In [15] it was shown that in He-like uranium 2 3 P 2 → 1 1 S 0 + 3γ(E1) transition rate turns to zero when the frequencies of three photons are equal while 2 1 P 1 → 1 1 S 0 + 3γ(E1) transition rate has the maximum in the same situation. This is also true for the neutral helium because the angular part remains the same.
Fully relativistic form of the differential transition rate in conjunction with the integration over photon directions ν = k/| k| and summation over the photon polarizations e of all the photons with the account for all permutations of photons is [15] 
where ω i (i = 1, 2, 3) are the photon frequencies, j γ , m γ are the photon angular momenta and their projections, λ i = 0, 1, −1, the indices i, n, f represent the initial, intermediate and final atomic states respectively. Summation over n, n ′ in Eq. (1) extends over entire atomic spectrum. The following notations are used [20] 
where
jγ mγ ( r) are magnetic and electric vector potentials, A
jγ mγ ( r) is the scalar potential
g jγ = 4πj jγ (ωr)
Here G jγ is the gauge parameter defining gauge for the electromagnetic potentials, j jγ (kr) is a spherical Bessel function, n = r |r| . Actually for our purposes (calculations for He atom) the fully nonrelativistic calculation of transition energies as well as fully nonrelativistic expression for the photon emission operators are quite sufficient. We have only to take into account the spin-orbit interaction for describing the intercombination transitions.
In the nonrelativistic limit (kr ≪ 1) with G jγ = jγ +1 jγ and j γ = 1 for the dipole photons Eq. (3) reduces to the form
Using definition for the spherical components of vector r
Eq. (8) can be presented in the form
Substitution of Eq. (10) to the expression for the differential three-photon transition rate Eq. (1) yields
In the N e -electron atom
are the spherical components of radius-vector for i-th electron. Then the total transition rate can be defined as
Summation over all projections appearing in the expression (11) can be performed numerically for each value of corresponding angular momenta.
To perform the numerical calculations of three-photon transitions in two-electron atomic systems we use the variational wave functions of Hylleraas type [19] . The wave function for a state with a total electron orbital angular momentum L e , its projection M e and total spatial parity π e = (−1)
Le is expanded as follows
where G in the exponential basis set with a complex parameters α i , β i and γ i generated in a quasirandom manner [17] with the size of basis defined by integer number N
where r 12 = | r 1 − r 2 |, U i and W i are linear parameters.
Since we are interested in the transitions between states with a certain values of total momentum J e = L e + S e , the L e S e J e M e coupling scheme needs to be used, where S e is the total spin value [9, 21] . Then
Evaluation of reduced matrix element in Eq. (15) on the basis of Hylleraas-type wave functions is described in [22] .
As an illustration of SSSR-2 for three equal photons we consider 2 3 P 2 → 1 1 S 0 + 3γ(E1) transition in the helium atom and demonstrate that the value J = 2 of the total angular momentum for the three equivalent dipole photons is prohibited. In principle, this decay can proceed via several channels. First,
; this channel is also prohibited by SSSR-1 since the
is prohibited by this rule. The contribution of the third channel
does not turn to zero so evidently. The states admixed by the spin-orbit interaction are placed in the square brackets, n, n ′ are sequential numbers for the states with the same symmetry in two-electron atoms.
The 2 3 P 2 → 1 1 S 0 + 3γ(E1) transition unlike the 2 1 P 1 → 1 1 S 0 + 3γ(E1) transition proceeds only through spin-orbit mixing of the intermediate states. Following [13, 23] we write the true P and D wave functions in the form
and H 3 is the spin-orbit interaction operator [24] . In the absence of external electric and magnetic fields, the lowest-order spin-dependent relativistic corrections H 3 consist of the spin-orbit term (in atomic units)
and the spin-other-orbit term
Matrix elements of Eqs. (22) and (23) can be reduced to [25, 26] L e S ′ e J e M e |H so | L e S e J e M e = 2 c 2 (−1) 
Evaluation of reduced matrix elements in Eqs. (24)- (25) on the Hylleraas type wave functions was presented in [13] . In this way for the 2 3 P 2 → 1 1 S 0 + 3γ(E1) transition probability we obtain
.
Here E S n and E T n are the energies of the singlet or triplet n-states respectively. Permutations in Eq. (26) are understood as permutations of the indices 1, 2, 3. From Eq. (26) it is clear that the probability of 2 3 P 2 decay is suppressed by the smallness of the spin-orbit interaction. The same was observed also for the two-photon decay of 2 3 S 1 state [13] and, in principle, should hold for any intercombination transitions.
For the 2 dω1dω2 . Analogous situation arises for 2 1 P 1 → 1 1 S 0 + 3γ(E1) transition. However the existence of this "ridge" does not influence the validity of the SSSR-2, since "ridge" corresponds to the nonequal frequencies for the all 3-photon.
III. TECHNICAL DETAILS AND RESULTS
Transition probabilities obtained from the expression Eq. (12) were checked for the convergence with a different length of the basis set N . Results of calculations with the N = 30, 50, 100 , 150 for the 2 3 P 2 → 2 1 S 0 +3γ(E1) and 2 1 P 1 → 2 1 S 0 +3γ(E1) transitions are presented in Table I . Corresponding plot for the 2 3 P 2 → 2 1 S 0 +3γ(E1) transition is presented in Fig. 1 . However it is more convenient to present 2-dimensional sectional cut of Fig. 1 , with the fixed frequency of the third photon at the point ω 3 = ∆/3, where ∆ = E(2 3 P 2 ) − E(2 1 S 0 ). This two-dimensional cut is presented in Fig. 2 . Two-dimensional plots for the 2 3 P 2 → 1 1 S 0 + 3γ(E1) and 2 1 P 1 → 1 1 S 0 + 3γ(E1) transition are presented in Fig. 3 and Fig. 4 respectively. The main difference between Fig. 3 and Fig. 4 , arises at the point with coordinates ω 1 = ω 2 = ∆/3 in the frequency distribution. For the transition 2 3 P 2 → 1 1 S 0 + 3γ(E1) differential transition rate becomes zero due to SSSR-2. These two transitions are not suitable for experiments due to the transition frequencies which is out of the optical range, but are calculated for additional demonstration of SSSR-2.
In order to integrate over photon frequency, the 32 points of Gauss-Legendre quadrature method was employed. The numerical values for the spin-orbit (Eq. (24)) and spin-other-orbit (Eq. (25)) matrix elements for some lowest P and D states are presented in Table II and are in a good agreement with the previous calculations [26] , [25] . Nonrelativistic variational energies of bound states obtained and used in this work are presented in Table III . They are in a very good agreement (13 significant digits) with previous calculations. We should stress that for our purposes it is sufficient to employ nonrelativistic energy levels: they provide an overall accuracy in our calculations at the level 0.01%.
In [15] we suggested a method for a possible experimental test of the SSSRs by means of laser light absorption and presented numerical examples with the highly charged He-like ions. The photon frequencies in this case are in the X-ray region which makes it difficult to perform the tests. In the present paper we suggest the helium atom as the most adequate system for the test of SSSRs with the optical lasers. The helium atom has long served as a testing ground for both theoretical and experimental studies and several reviews have chronicled the progress in both areas (see, for example, [30] ). The numerical calculations of three-photon 2 3 P 2 → 2 1 S 0 + 3γ(E1) and 2 1 P 1 → 2 1 S 0 + 3γ(E1) transitions in helium are listed in Table I . These transitions are most suitable for the laser testing of SSSR-2 due to the values of the corresponding transition frequencies (and hence to laser ones after dividing by N γ ), belonging to the optical or infrared region.
Corresponding one-photon decay rates, are also presented and are in good agreement with previous calculations [27, 28] (see Table I ). Our results coincide with the numbers given in [28] with 4 significant figures which means the accuracy of 0.01%. The same accuracy should have the 3-photon transition probabilities.
From the energy differences listed in Table I one can see that proposed transitions are suitable for the test of SSSR-2 since each emitted (absorbed) photon is in the optical (infrared) range. As it was mentioned in the introduction the corresponding one-photon decay is suppressed at the frequency ω l . Note, that the energy difference between triplet and singlet P states in He atom are resolvable for the laser source. FIG. 1: (Color Online) 3-dimensional plot for frequencies distribution of the transition rate 2 3 P2 → 2 1 S0 + 3γ(E1) in Helium. On the vertical axis the transition rate dW dω 1 dω 2 in s −1 is plotted; on the horizontal axes the photon frequencies are plotted in units ω1/∆, ω2/∆ where ∆ denotes the energy difference E(2 3 P ) − E(2 1 S). The lowest (zero) point is the point with coordinates ω1/∆ = ω2/∆ = 1/3 at the bottom of the "pit" in the frequency distribution for the transition rate. This "pit" arises due to SSSR-2. 
Second frequency ω2 is fixed at the point ω2/∆ = 1/3. The lowest (zero) point is the point with coordinates ω1/∆ = ω2/∆ = 1/3 at the bottom of the "pit" in the frequency distribution for the transition rate. This "pit" arises due to SSSR-2. 
The number in parentheses indicates the power of ten. Transition energies ∆E in eV are listed in two last columns. in s −1 is plotted; on the horizontal axis the photon frequency is plotted in units ω1/∆ where ∆ = E(2 1 P ) − E(1 1 S). Second frequency ω2 is fixed at the point ω2/∆ = 1/3.
